BMT to AIME - 2024 Edition

Instructions:

e This is a 3-hour timed exam of 15 problems. Do not begin to work on the
problems before starting a 3-hour timer, and stop working when 3 hours
is up.

e All answers are integers from 000 to 999 (you may choose to include or
exclude leading zeros for this test). Each correct answer is worth 1 point;
an incorrect or blank answer is worth 0 points.

e No calculators or computational aids are allowed.

e Answers and problem sources will be provided; find the solutions by check-
ing out the original problem from the BMT archives. Every problem is
sourced from BMT (mostly the original with modified answer extraction,
sometimes a slight variant).



. Find the least three-digit positive integer with distinct nonzero digits sat-
isfying the property that it is not divisible by any of its digits.

. Suppose aq,as,... is an arithmetic sequence, and suppose g1, go,... is
a geometric sequence with common ratio 2. Suppose a; + g1 = 1 and
ag +gg =1.1If az4 = g7, find \a2024|.

. Eight players are seated around a circular table. Each player is assigned
to either Team Green or Team Yellow so that each team has at least one
player. In how many ways can the players be assigned to the teams such
that each player is on the same team as at least one player adjacent to
them?

. Right triangle AABC has /B = 90°. Points D and E are on AC such that

AB = AE and BC = DC. Tf AD = 2 and EC = 9, then BD-BE = M,

c
where a, b, and c are positive integers such that a and c are relatively prime
and b is squarefree. Find a + b+ c.

. Gigi randomly rearranges three G’s and seven I’s to form an ten-letter
string. The probability that there is a group of four consecutive letters

m
that form “GIGI” is —, where m and n are relatively prime positive

integers. Find m + n.

. Let N be the greatest multiple of 43 whose base 6 representation is a
permutation of the digits 1, 2, 3, 4, and 5. Find N/43.

. Let B, M, and T be real numbers that satisfy the equations:

2B+ M +T —2B? —2BM — 2MT — 2BT =0,
B+2M +T —3M? —3BM —3MT — 3BT =0,
B+ M +2T —AT? —4BM — 4MT — 4BT = 0.

Then B4+ M + T = m7 where m and n are relatively prime positive
n

integers. Find m + n.

. Let U and C be two circles, and kite BERK have vertices that lie on U
and sides that are tangent to C'. If the lengths of diagonals of the kite are

5 and 6, then the ratio of the area of U to the area of C is E, where m
n

and n are relatively prime positive integers. Find m + n.

. For an arbitrary positive integer n, we define f(n) to be the number of or-
dered 5-tuples of positive integers, (a1, az, as, aq, as), such that ajasasasas|n.
Let N the sum of all n for which f(n)/n is maximized. Find the remainder
when N is divided by 1000.
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Let « be a positive real number. Over all choices of positive real numbers
w, T, Yy, z satisfying

wr + Yz = «,

wy +rz = «,

wz + Ty = «,
the minimum value of w + 2z 4+ 3y + 4z is a/2. Compute a.

Points A, B,C, D, E, and F lie on a sphere with radius v/10 such that AD,
BE, and C'F are concurrent at point P inside the sphere and are pairwise
perpendicular. If PA = v/6, PB = /10, and PC = /15, then the volume

m
of tetrahedron DEF P is —, where m and n are relatively prime positive

integers. Find m + n.

Let d,(x) be the nth decimal digit (after the decimal point) of x. For
example, ds(m) = 1 because 7 = 3.1415... For a positive integer k, let
f(k) = p{, where pj, is the kth prime number. Find the remainder when

2023 1
2 dse (1275)

i=1
is divided by 1000.

Define two sequences of real numbers, a,, and b,,, such that ag = by = v/3
and for n > 0:

Upt1 = ap + /1 + a2

bn
by = —
L TR

Let M be the least real number such that M > |a;b; —a;b;| for any integers

—r
i,7 > 0. Then M = ]L, where p, ¢, r, and s are positive integers such
S

that ged(p, s) = 1 and ¢ is not divisible by the square of any prime. Find
pt+qg+r+s.

Let AABC have incenter I, and let M be the midpoint of BC. Line m
intersects the circumcircle of AIBC' at points P and (). Suppose that
AP =13, AQ = 83, and BC = 56. Find the perimeter of AABC.

The positive integers 1 through 9 are placed in the 9 cells of a 3 x 3 grid.
Then, for every pair of cells sharing a side, the sum of the numbers in that
pair is recorded in a list. The most number of times any number occurs
in the list is 4. Let N be the number of ways that the numbers could have
been placed in the grid. Find the remainder when N is divided by 1000.



